INTRODUCTION
Up to now, warranty cost models for new products have been analyzed. In view of the present day market, customers are more attracted towards the second-hand products. Thus the present and the succeeding chapters of this thesis focus on analyzing the second-hand products by providing two-dimensional warranty for such products.
A two-dimensional warranty policy is characterized by a region in a two-dimensional plane with one representing time and the other representing usage. A typical example is an automobile warranted for three years or 50,000 kilometers of travel. Blischke and Murthy (1992) developed a taxonomy to classify the different one and two-dimensional warranty policies. Kim and Rao (2000) dealt with two-attribute warranty policies for non-repairable items and derived an analytical expression for two-dimensional renewal function and cost of warranty under the assumption of bivariate exponential failure distribution. Yang and Nachlas (2001) described two approaches to to compute the expected warranty cost of used products when the systems are sold with free replacement or pro-rata warranties. Later Chattopadhyay and Murthy (2001) formulated three new cost sharing warranty policies for second-hand products to analyze the cost of these warranty policies. Saidi-Mehrabad et al. (2010) analyzed the reliability improvement strategies for second-hand products sold under various warranty policies. No efforts were made previously to mathematically model bivariate warranty for second-hand products. The present chapter develops stochastic models to compute the two-dimensional expected warranty cost of the system when the second-hand products are sold with free replacement and/or pro-rata warranties. The two-dimensional approach considered here uses both usage and age for the models discussed. Firstly the notations to be used throughout the chapter are presented. Additional notations will be introduced when needed. 
Notations

MODEL FORMULATION FOR SECOND-HAND WARRANTY
In view of customers' demand to safeguard against the second-hand products with low calibre and expensive product failures that occur shortly after purchase, consideration of warranties is of paramount importance in the modelling of second-hand deteriorating repairable systems. In this section, a bivariate approach is adopted which uses both age and usage of the system.
Following Chattopadhyay and Murthy (2000) two warranty models have been developed based on system failure characterization. The warranty policy under consideration is represented by a region in a two-dimensional plane with one dimension representing age and the other usage. Though, in general, the significant factors which contribute to warranty cost analysis of second-hand systems are age, usage and maintenance history, in this chapter the attention is restricted to age and usage of the system.
Model 1
Motivated by offering warranty for second-hand products, it is of interest to consider a one-unit used system that is subject to failures, affecting the system performance. The model is further described by the following assumptions:
1. A second-hand system is put into operation at time 0 t .
2. Failures occur at random instants of time and are assumed to be independent.
3. On each failure, a minimal repair, which restores the system to a functioning condition just prior to failure, is carried out with negligible repair time.
4. Failures are modelled as a two-dimensional point process with bivariate random variable , XY representing age and usage of the system respectively.
5. A free replacement warranty policy is adopted.
Based on the above assumptions the objective is to analyze a two-dimensional warranty model for second-hand products through the expected warranty cost for the system.
Model 2
Owing to rapid technological advancements, the emerging new products are becoming more complex. Thus, this subsection is concerned with the development of a second-hand warranty model for a non-repairable complex (multi-componented) system using the following assumptions:
1. Component failures occur at random instants of time and are independent.
2. System failures are described by component failures.
3. When a component fails it is replaced by a new or used component, as the components are non-repairable.
4. Free replacement warranty policy is adopted.
The aim is to obtain the expected warranty cost for the system, based on the following considerations:
Known age and usage of the failed component.
Unknown age and usage of the failed component.
Replacement of the failed components is made by a combination of new and used components.
COST ANALYSIS
The purpose of this section is to evaluate the various warranty costs for the proposed models as it is an essential aspect of a warranty program.
Expected Warranty Cost For The System Using Model 1
Based on the assumptions made in the subsection 5.2.1, the twodimensional warranty cost is given by
while the probability of n failures in the region is given by 1 , , As observed in Chapter 3, the performance criterion of the system is controlled by introducing second order characteristics in the analysis. Hence it is of interest to obtain the cost function v CW which is given by ,;, ,;
where ,;, CWLA U is the expected warranty cost of the system and is the risk aversion factor. Also, ,;, Now, the bi-criterion cost is obtained using Equations (5.1) and (5.3) in (5.2).
Expected Warranty Cost For The System Using Model 2
The cost of a warranty depends crucially on the warranty policy employed and the various maintenance actions performed. In the following subsections the expected warranty costs for the system are obtained when age and usages of the failed components are known and unknown respectively.
Age and usage are known
If age while the total expected warranty cost for the system is given by Equation (5.5) with f c as given in Equation (5.6)
Age and usage are unknown
Consider the components whose age and usage are unknown. The failed components are replaced by new ones using free replacement warranty policy. Then, the failure time distribution function at , xy is given by where a and u are respectively the age and usage of the system at the time of sale. The expected warranty cost for the system is given by Equation (5.5) with 1 , i F xy as given in Equation (5.7).
Expected Warranty Cost Using Pro-rata Warranty
Retaining the basic assumptions of Model 2, the expected warranty cost is further analyzed using the pro-rata warranty policy. 
NUMERICAL ILLUSTRATIONS
In this section a numerical example is given to illustrate the expected warranty cost for the proposed models using free replacement and pro-rata warranty policies. The results are analyzed using two distributions:
bivariate Weibull and bivariate exponential distributions, respectively and are given by: shown that the expected cost is higher in Table 5 .6 which notifies the importance of implementing the randomness in the cost. Table 5 .12 with Table 5 .8 it is noticed that the expected cost is lesser in Table   5 .11 and Table 5 .12, demonstrating the effect of consideration of used components for replacement, as they would be relatively cheaper. 
CONCLUSIONS
In this chapter two warranty cost models, have been analyzed to determine the expected warranty cost for second-hand products with free replacement warranty and pro-rata warranty policy. In the first model the system failures are represented by a two-dimensional point process while in the second model the system failures are described by the component failures.
For the proposed models a two-dimensional warranty which uses both age and usage has been employed. The salient features of this study are: introduction of bivariate warranty for second-hand products and incorporation of random cost in the analysis. It is readily apparent from the numerical illustrations that the stochastic models developed in this chapter are useful to the dealer of second-hand products as they exemplify the potential benefits of the bivariate warranty cost modelling for such products.
